Many-spin calculation of tunneling splittings in Mn 12 magnetic molecules
We calculate the tunneling splittings in a Mn 12 magnetic molecule taking into account its internal many-spin structure. We discuss the precision and reliability of these calculations and show that restricting the basis ͑limiting the number of excitations taken into account͒ may lead to significant error ͑orders of magnitude͒ in the resulting tunneling splittings for the lowest energy levels, so that an intuitive picture of different decoupled energy scales does not hold in this case. © 2002 American Institute of Physics. ͓DOI: 10.1063/1.1452703͔ Molecular magnets are very suitable systems for the study of mesoscopic tunneling effects in magnetic materials. A number of impressive experimental results have been obtained recently, such as thermally assisted 1, 2 and ground-state tunneling, 3 and topological phase effects. 3 Among others, the molecular magnet Mn 12 O 12 (CH 3 COO) 16 (H 2 O) 4 ͑referred to as Mn 12 ͒ has received special attention, and a substantial amount of reliable experimental data has been collected. Quantitative analysis of these experiments is a challenging theoretical problem, requiring the ability to accurately evaluate the energy splittings occurring as a result of tunneling between two ͑quasi͒ degenerate levels. 4 At present, the experiments can detect 1-3 the changes in relaxation time caused by the splittings of the order of 10 Ϫ6 -10 Ϫ7 K. The relaxation time data obtained in these experiments give information ͑although indirect͒ about the splitting values.
Conventionally, the molecular magnet Mn 12 is considered as a large single spin Sϭ10 with quasidegenerate levels S z ϭϩM and S z ϭϪM split because of tunneling. However, the single-spin Hamiltonian is a phenomenological construct; in reality, this is a many-spin system, consisting of 12 manganese ions coupled by exchange interactions. Here, using Mn 12 as a well-studied example, we address the problem of reliably calculating the tunneling splittings in molecular magnets. Such a calculation is a very complicated task: the Hilbert space of the spin Hamiltonian describing a molecule of Mn 12 consists of 10 8 levels, while the smallest tunneling splittings in Mn 12 are of order of 10 Ϫ12 K. The general strategy is to truncate the full Hilbert space to a much smaller number of relevant energy levels. This idea, implemented in a rather sophisticated way, forms the basis of several approaches for the evaluation of tunneling phenomena, such as quantum Monte Carlo methods, 5 stochastic diagonalization, 6 and instanton calculations. However, to our knowledge, all calculations of the tunneling splittings in molecular magnets starting from realistic Hamiltonians have employed truncation of the Hilbert space in a much more straightforward manner. High-energy states, assumed to be irrelevant, are being excluded from consideration, and only the low-energy part of the spectrum is being taken into account. 8 In the present article, we calculate tunneling splittings using the many-spin model of Mn 12 , examining the accuracy and reliability of this straightforward scheme. We demonstrate that the splitting values obtained in this way are unreliable. We also consider the sensitivity of the calculated splitting values to variations in the Hamiltonian parameters, and determine the accuracy needed for reliable splittings calculation.
The 
Here, S i and s i are the spin operators for the large spins S ϭ2 and small dimer spins sϭ1/2, correspondingly. The first two terms describe an isotropic Heisenberg exchange between the spins. The third term describes the single-ion easyaxis anisotropy of large spins. The first question concerns the accuracy of the level splitting evaluation. A small error ͑say, of the order of several Kelvin͒ in the parameters of the Hamiltonian effects the level of energy by an amount of an order of Kelvin which is much larger than the typical value of tunneling splitting ͑of the order of 10 Ϫ12 K͒. To explain why the results still remain meaningful, we note that the levels ͉S z ϭϩM ͘ and ͉S z ϭϪM ͘ are degenerate due to the exact symmetry properties of the spin Hamiltonian, and, in the absence of the DM term, would be degenerate at any value of parameters. The tunneling splittings ⌬E ϩM ,ϪM are governed only by the strength of the interaction which breaks the symmetry, i.e., the DM interaction. If the parameters of the Hamiltonian are determined with reasonably small relative error, and if the numerical calculation is done with sufficient precision, then the relative error of the level splittings will also be small. This conclusion is supported by our calculations: a 10% variation in the Hamiltonian parameters leads to the variation in the splitting values at most by a factor of ten. If only a logarithmic accuracy in the splitting values is needed, then the 10% uncertainty in the Hamiltonian parameters is sufficient. However, there is another, much more important, source of possible error. The description of the Mn 12 molecule by the eight-spin model requires a high-precision diagonalization of the 10 4 ϫ10 4 Hamiltonian matrix, which is rather time consuming. It is natural to truncate Hilbert space retaining only some smaller number N low of the low-energy basis levels. This approach, to our knowledge, is the only one which has been actually used for Mn 12 , for both the singlespin and the many-spin calculations. 8 To assess the usefulness of this energy-based truncation scheme, we consider the dependence of the tunneling splittings ⌬E ϩM ,ϪM on the number of lowest levels N low .
The initial increase in the number N low of basis states leads to an increase in ⌬E ϩM ,ϪM accompanied by oscillations ͑see Fig. 1͒ . After N low achieves the value of about 700, the oscillations have become small and ⌬E ϩM ,ϪM versus N low exhibits a plateau. This saturation lead, in Ref. 8 , to the conclusion that the resulting values give the actual splittings with sufficient accuracy. But this conclusion is wrong. A further increase of the number of levels leads to a resurrection of the oscillations at N low ϳ1200, with a pronounced jump in ⌬E ϩM ,ϪM for N low ϳ1700. For a larger number of levels, the situation repeats itself: we have traced this behavior up to N low ϳ3000. The rather sharp jumps in the tunneling splittings are associated with the account of basis states with large S values. Because of the selection rule for the DM term (S→SϮ1), the Sϭ10 ground state only couples with S ϭ9 states. States with smaller S values effect the splittings more indirectly by coupling with other states which eventually couple to the ground state. While the states with large S cause jumps in the splitting values, there are few of them, and the smaller coupling of smaller S states is still significant because of the cumulative effect of so many states. The observed behavior of ⌬E ϩM ,ϪM is, in our opinion, a very clear signal that energy-based truncation of the Hilbert space is not a good strategy for the computation of tunneling splittings: it gives unreliable results.
However, any practical Hamiltonian is obtained by the truncation of the Hilbert space. For example, the Hamiltonian ͑1͒ is a result of the two-step procedure:
12 ͑i͒ projection of the real many-electron Hamiltonian onto the subspace of single-electron orbital states, and ͑ii͒ projection of the resulting spin Hamiltonian onto the eight-spin model. This procedure is usually justified by perturbation or WentzelKramers-Brillouin ͑WKB͒-theory arguments, and corresponds to the picture of different and practically independent energy scales. However, in the case of the tunneling splittings, very different energy scales significantly affect each other. In our opinion, this takes place because WKB reasoning ͑or similar arguments based on perturbation theory͒ is not applicable since the spin of the system Sϭ10 is too small, and the instanton action 4 is not large enough. Indeed, for well-separated levels, the quasiclassical approximation already works reasonably well for Sϳ2 -3. However, as has been demonstrated, 13 for the splitting calculations, the ͑nor-malized͒ instanton action S I should exceed the value of 12, and for the model of Ref. 13 , this corresponds to the total spin ͑more exactly, the total antiferromagnetic vector͒ of the order of several thousand. Thus, the tunneling splittings appear to be much more sensitive to the method of calculation than the level energies themselves, and conditions for the applicability of the conventional WKB reasoning are considerably more stringent. This agrees with our observations: truncation of the Hilbert space has a minor effect on the level energies, but correct values of the splittings require a diagonalization of the full Hamiltonian.
Summarizing, we have calculated the tunneling splittings in Mn 12 on the basis of the eight-spin model proposed earlier. 10 We have shown that rather accurate knowledge of the Hamiltonian parameters is needed for the accurate splitting calculations; although, for logarithmic accuracy, 10% error in the parameters can be tolerated. We have demonstrated that a reliable calculation of the tunneling splittings requires the use of the full Hamiltonian matrix. We have explicitly shown that an energy-based Hilbert space truncation scheme can be successfully used for the determination of the level energies, but leads to erroneous results when applied to the splitting calculations.
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